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THE PERMANENT GRAVITATIONAL FIELD IN THE 
EINSTEIN THEORY. 

By Luthek Pfahler Eisenhart. 

1. In accordance with the theory of Einstein a permanent gravitational 
field is defined bj- a quadratic differential form 

I, ....4 

(1) ds- = X) Qikdxidxk {Qik = Qki), 

where the g'?,, called the potentials of the field, are determined by the 
condition of satisfying ten partial differential equations of the second 
order, Ga- = 0. When the four coordinates x, are functions of a single 
parameter, the locus of the point with these coordinates is a curve in 
four-space. If these functions are of such a character that the integral 



(2) J ^Zgadxdxk 



is stationary along the curve, the curve is called a "world-line," or a 
geodesic, in the four-space. 

Einstein* considered the case when Xi, Xi, Xz, are rectangular coordi- 
nates and X4 represents the time, and assumed that the field was produced 
by a mass at the origin which did not vary with the time. In order to 
obtain the equations of the world-lines in the form which enabled him to 
establish his well-known expression for the precession of the perihelion of 
Mercury, Einstein made also the following assumptions : 

A. The quantities g are independent of t. 

B. The equations gn = for i = 1, 2, 3. 

C. The solution is spacially symmetric with respect to the origin of 

coordinates in the sense that the solution is unaltered by an 
orthogonal transformation of Xi, Xi, Xz. 

D. At infinity the quantities gik = for t =|= k, and 

gu = — gn = — gi2 = — gzz = 1- 

Schwarzschildf using the first three of these assumptions and certain 
others integrated the equations G,* = 0, and obtained (1) in the form 

* Berlin Sitzungsberichte, 1915, p. S31. 
t Berlin Sitzungsberichte, 1916, p. 189. 
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(3) ds^ = c= ( 1 - I ) d<- - ^^ - R-{de'- + sin^ dd<p-), 

^ ~R 

where a is a constant depending on the mass at the origin. Levi-Civita* 
has given three solutions of the equations Gik = 0, one of which includes 
the above, and Weylf has given still another solution. Later Kottlert 
obtained the form (3) not by the solution of the equations Gih = but 
as a consequence of certain postulates. It is the purpose of this paper to 
accomplish the same result by the following set of postulates: 

1. Assumptions A and B of Einstein, in accordance with which we 
write (1) in the form 

(4) (is2 = V'df- - dso-, 
where 

I, 2,3 

(5) dSfl- = X) aikdxidxk, 

the functions V and a,i being independent of t. 

II. The function F is a solution of 

^od = 0, 

where Ao^ is the Beltrami differential parameter formed with respect to 
the form (5), and is defined by 

where a is the determinant of the functions a,j; and a^'*> is the cofactor 
of a in this determinant divided by a.§ This assumption is equivalent to 
the equation (744 = 0. In this equation and hereafter X^ means the sum 

fori = l, 2, 3. 

III. The surfaces V = const, form part of a triply orthogonal system 
in the space, S3, of coordinates Xi, x-x, Xs- 

IV. The orthogonal trajectories of V = const, in Sz are paths of the 
particle, in the sense that the coordinates Xi, Xa, X3, of a world-line deter- 
mine a path in S3 of a particle in the gravitational field for which the 
world-line is the representation in terms of space and time t. 

V. The form (5) is euclidean to a first approximation. 

2. Geodesies in the four-space and in S3. It can be shown|| that in any 
three-space there exist triply-orthogonal systems of surfaces, and accord- 

* Rendiconti dei Lincei, ser. 3, vol. 27 (1918), p. 365. 

t Ann. der Physik, vol. 54 (1917), p. 117. 

t Aaa. der Physik, vol. 56 (191S), p. 401. 

§ Bianchi, Lezioni di Geometrica Differenziale, 2d ed., vol. 1, p. 6S. 

II Wright, Invariants of Quadratic Differential Forms, Cambridge Tract No. 9, pp. 64-67. 
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ingly (5) can be given the form 

(7) dso" = Jioidxi-, 

where now the coordinate surfaces form a triply orthogonal system. 

If we take s for the parameter along a world-Hne, and put i; = dxifds, 
t = dt ds, the integral (2) becomes 

(8) I VT'-i- — Zaiirds = I <^(F, Xi, x^, Xs, xi, io, is, i)ds. 
The Euler equations of condition that (8) be stationary are 

Applying these conditions to (8), and noting that in consequence of the 
choice of s as parameter, we have ^ = 1 along a world-line, we obtain 

nm ^'^' I V ^ ^'^g "■ ^^' '^^' 1 y. dUj /dxj\- V dV / dty ^ 

^^ ds'- '^ y dxj ds ds 2aiydXi\ds J '^ at dXi\ds ) ~ ' 

(11) ^ = ^ 

where /: is a constant. 

By definition the geodesies is Ss are the curves along which the integral 
f^Zatdxr is stationary. When So is taken for the parameter along such a 
geodesic, we find that the equations of a geodesic are 

(■{o\ d-x, . Tpd log flj dXi dXj 1 -^ daj / dXj V ^ ^ 

^ ' ds<?'^ y dxj dsodso 2aiydXi\dso) 

From (4) and (11) it follows that the parameters s and So along a world- 
line and the corresponding path in S3 are in the relation 



(13) dso = \/tT2 - 1 ds. 



= \F- 



When we express equations (10) in terms of So, we obtain 

(14) 



d-Xj yy d log g, dxi dxj _\_ y, daj_ ( dxj^ V 
dSfl- j dXj dso dsa 2aijdXi\dsoJ 



_ fc- /dVdx, 1 dV\ 

~ V{k- — V-) \ dso dso Oi dXi J ' 

From this equation and (12) it follows that a necessary condition that the 
path of a particle be a geodesic in Sz is 

* Bolza, Lectures on the Calculus of Variations, p. 123. 
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/1-N dV dxi 1 dV 1 o ON 

^1^) Wodira^dF, (^ = l,2,3). 

If we multiply these respective equations by Vo„ square the resulting 
equations and add them, we get 

where Ai0 is the first differential parameter of 6 with respect to the form (7). 
WTien dso- is written in the general form (5), the expression for Aid is 

dV dV 

Hence (15) may be written in the form 

dXi 1 1 dV 



(18) 



dso ^AiV ciidXi' 



The direction of the tangent to any curve on a surface V = const, 
through the point P where a path curve meets the surface is given by the 
values of dXi'.dsi, Si being the arc along the curve, where 

From (18) and (19) it follows that 

which is the condition that the path is orthogonal to the surface, since 
this condition is satisfied by every curve through P.f 

Conversely, any orthogonal trajectory of the surfaces V = const, is 
defined by (18). In fact from (20) and the equation 



^ dxidxi 
-"' dso ds2 "' 






for a second curve on 7 = const, we get 






dxi 


dx^ 

dso 




^^''^ / dx-i dxi dx3 dxi\ , 
" ' V dsi ds-. ds]_ ds:, J ^ ' 


f dxi dx-2 
[ dsi dsi 


dx-i dxi\ 
dsi ds-zj 



= R, 



* Bianchi, 1. c, p. 61. 
t Bianchi, 1. c, p. 330. 
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where by composition we find 
In like manner from (19) and 



n- '^ / dxj dxj _ dxj dx-2 V 

V — \ - 2 ^y^g^ (fg, (;;g^ (fg„ j 



we obtain 


dXi ds2 ' 

dV 
dxz 




.oox ^-^1 


VaiOoasVAiF 


'' ' dxo dxz dxz dx2 
dsi ds2 dsi ds2 


~ dxi dXi dx2 dxi ~ 
dsi dSi dsi ds2 


Q 



From (21) and (22) follows (18). 

The above results may be stated as follows : 

If the path of a particle in a permanent gravitational field is a geodesic, 
it is an orthogonal trajectory of the surfaces V = const. 

3. Condition that the orthogonal trajectories of the surfaces V = const, be 
geodesies. In establishing this condition we make use of the mixed differ- 
ential parameter of the first order, Ai{6, <i), which when formed with 
respect to (5) is defined by 



-.(»-' = 5°'-t^-- 



For the form (7) this is 



Ai(^. ^)=i:-^.5^. 



From (18) we have 

d-'Xi ^Y d f \ 1 dV\ 1 1 dV 1 / 1 1 dV\ 

Substituting in (12), we get 

r—^ /^. 1 1 bY\^ 1 alog a.aF^F 
V \AiF «. dXiJ y aj dXj 



which mav be written 



dXi dXj 

_i^^ajogay/aFy^ 

2yaj dXi \dXj) "' 



(-' -^{^m-\^.''w^-\^i'^''m">' 



smce 



• Bianchi, Lezioni, p. 61. 
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(.4, .,K....)-r|A.(.,|i)f^2(0A.(.,i). 



Since 



2dXi^^^ ^^y> dxi ) 2 ? ay dxi ' \ dXj ) ' 



equation (23) may be written 

Consequently Ai(F, AiV), and also AiF, must be functions of V. But 
when AiF is a function of V so also is Ai(r, AiF). Hence we have the 
theorem: 

A necessary and sufficient condition that the orthogonal trajectories of the 
surfaces V = const, be geodesies is that AV be a function of V. 

In this case the surfaces V = const, are said to form a geodesically 
parallel family.* 

4. The path of a ray of light. The function V is interpreted as the 
velocity of light in the field, and consequently along a world-line of a ray 
of light ds = 0, as follows from (4). In order to obtain the equations of 
these world-lines, we apply the Fermat principle that J'dt be stationary 
along such a line, that is the integral J ^V'-llaidxx^. This gives the 
equations 

d-Xj dxj y^ d ■ ^ §^ _ Ylx' A c-j ( dxj\^ 

IF^ dt ydXi^V- dt ~ 2aiy'd^i v^yw) ~ "• 

When we require that a path of light be a geodesic in Sj, we obtain (18). 
Hence: 

When the orthogonal trajectories of the surfaces V = const, are paths of a 
particle in a permanent gravitational field, they are also the paths of a ray 
of light, and conversely. 

5. Certain triply orthogonal systems in euclidean space. A necessary and 
sufficient condition that 

ds'- = Hi'dxi" + H,'dx2' + Hz'dx,-^ 

the hnear element of euclidean space is that the functions Hi satisfy the 
following equations of Lame:t 



* For other proofs of this theorem the reader is referred to Bianchi, 1. c, p. 33S; also, Wright, 
1. c, p. 64. 

t Eisenhart, Differential Geometry, p. 449. 
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dXjdXk Hj dXk dXj Hk dXj dXk ' 
dx, \ Hi dXi ) ^ dXj \ Hj dXj J "^ Hk- dXk ~dx~k ' 



where i + j, i + k, j =!= k. 

We consider the case where Hi is a function of Xi alone, and write 

(26) Hi = Xi', 

the accent indicating differentiation with respect to Xi. Now equations 
(25) reduce to 

^^'^ dxAHzdxz J ~ ^' dxi\H.dXi ) ~ ^' 

^-*^ dxAHi dxi ) ~ ^' dxi\Hi dxi ; "' 

^-^^ dxAHi dx2 ) ^ dXi\Hz dxz ) ^ Hi' dxi dxi " "• 

From (28) we have by integration 

(30) H. = <tXi + a, Hz = tXi + T, 

where cr, 5, t and r are independent of xi. In accordance with (27) these 
functions must satisfy the conditions 

dff -d(T dr _ dr . 

T ^ T T — = U, <r -r (X -r = (J. 

dxs dXi dX2 dXi 

If we replace these equations by 



(31) 
we have 



dxz ~ ' dXi ~ ^' 



dr _ dr 

dXi ~ ^'^' dxi 



= M0-, ^zr = M0-, 



Hz dxz ~ ~ T dxs ' Hi dXi ~ ^ ~ (T 8X2' 
so that (29) becomes 

Each solution of this equation determines X and ju, and then 0^ and r 
follow from (31). 
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Equation (32) expresses the condition that 

(T-dxo- + T-dxr 

is the linear element of the unit sphere.* 

If it is required further that H2H3 be the product of a function of xi 
alone, say <f>, and a function xp independent of Xi, we have, from (30) 

o-T „ <TT + ^T ar 

J^i + -^ Xi + J = ¥>. 

From the two equations obtained by differentiating this equation with 
respect to x% and Xi and (31) we find that <r/? = r'lr = k, where ^ is a con- 
stants. Consequently the general solution may be written 

(33) H, = Xi<T, Hi = X,r. 

6. Derivation of the Schwarzschild form (3). In accordance with postu- 
late III, we take the surfaces V = const, for the coordinate surfaces xi 
= const, of a triply orthogonal system in S3, and write 

(34) 72 = c\l + 2^x(xx)), 

where c is the constant velocity of light. 

From the results of §§2, 3 it follows that postulate IV is equivalent 
to AiF = <p{xi), which reduces to 

(3o) ax = 



<p ip{l + 2^1) ■ 
Since by postulate II we have AiF = 0, we must have also 

/ - 

(36) a-,a3 = — , 

where 1/' is independent of Xi. 

From the results of § 5 it follows that the linear element of euclidean 
space, satisfying the conditions that Oi is a function of Xi alone and (36), 
can be given the form 

(37) ds- = dxx- + XxK'T-dX'? + r-dxz''). 

In accordance with postulate V the linear element of Sz is to be (37) to a 
first approximation. From (35) and (36) we find that such an approxima- 
tion is given by taking 

?- ' "^ ~ ix? 



(38) fi' — ^i, V — A>. 4 ' 



* Eisenhart, Differential Geometry, p. 157 
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where m is a constant, that is ^i = — m;2cxi. Then from (34), (35) 
and (37) we have 

(39) ds- = c-(l - ^\dt- ^- dxx- - xC-iaHxi" + tHx^-). 

\ CX\ J - w 

CXx 

When we take the solutions o- = 1, r = sin X2 of (32), we obtain (3). 

7. Der ivati on of a form due to Levi-Civita. If in (26) and (33) we put 
Xx = li^lKo^J■Xl, where Ko and ju are constants, we have in place of (37) 

ds^ - -^—dx '- I 1 ( ^'-dx,^ + r^-dx,' \ 
"^^ - K.i.x.r'"' ^ xA Kofj^ )' 

and the expression in parenthesis has curvature Kom. In place of (34) 
we put 

7^ = tJ.V,\\ + 2^i(x0), 

where Fo is a constant. Proceeding as in the preceding section we have 
in place of (38) 

where m is a constant. If we take accordingly 

2<pi = , m = —r— , € = d= 1, 

we obtain the form 

,, T/v \M-' <^3^i- 1 f ^^dx^+jrdxl\ 

ds- = Ko^M — fXi)dt- — -^ 77 r ;( ^ ), 

KoXi*{ix — exi) xi- \ Kon J 

due to Levi-Civita.* 



*L. c. 

Prixceton University. 



